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x>jlMOoLN ²otILN>`Lj4MON>`tr ZeatxyI r4Zcedgx)\^dpj4`®j4c
&NFrscOjl`®\eItNx cyrlxy¤dpotZ ouj5ZeZedptpY¥'dp\eI §t`td¦\^NZvdpouZ>
qnN>4rlc^wLdp`LOrlwLrl`5\^rs4N_ZJrs`uwwLdZ^rlw[rl`4\yrs4N_Z!jsrsc^dpj4atZJMON \eItj:wtZ>t\eILNx>jlILNFZvdlN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#l'rZeaLcv¯r4x N>°14jlaLMON \ec^dgxMaLp\eduj[w[YrsotoLcej5rlxyIatZedp`LMdp²[N_w<jlat`twLrsc^Y x>jl`twLd¦\^dpj4`tZ<N \]!N>N_`
N_r4xyI 4jlaLMON \^cedgx§t`Ldp\eNN_pN_MON>`5\^Z rl`twuµjlc
c^dp4dw <j:wLdpNFZ«¯©dlaLc^N #F¬ JZejlMON>\edMNFZ
'c^jl`L4pY
x>rlpN_w «'ItN>`¢`Lj




rs`tw·&j4aLpj4M¸ ZJw[c^Y c^dx \edjl` 






rs`tw¢rl`¢r4ZeZej[x dgr\^N_w º¨»R¼<½¦º¯¾ º¨¿ \^dpMON À5d`4\^N>4c^rs\edjl`Z^xyILN_MNrlpj'd`L\^ILN-`:aLMON>c^dx_rsE\^ceNFr\eMON_`4\
js`Ljl` ZvMOj:js\^IN>4N>`5\^ZOZeatxyI®r4ZdpMOotr4x)\^ZOw[atN\^j at`Ldpgr\^N>cyrs'x j4`tZv\ecyrsd`4\yZ
\eILdgZ
Z^xyILN>MONdZ
ceN>N>c^ceNFwr4Z¸ PRjl`W:MOj:js\eI·&j4`4\yrlx \'ªTY:`trsMOdgx>Z_¸«¯PWt·!ª¬ 
? Z!NR'dEZeILj-l\eILNFZvNT\]&jr4Z]\&N_r\^aLc^N_Z!x jl`uZvdgw[N>cyrstpYdpMOoLc^jlN'\^ILNx grlZ^Zvdgx>rlE· 4T© / ZexyILN_MONRd`




rl`tw¡\^ILNwLd ( x at¦\]Y¡\^j`:aLMON>c^dx_rspY d`4\^N>4c^rs\eNZeatxyI±at`Ldpgr\^N>cyrsx jl`uZ]\^c^rldp`5\^Z'd¦\^ILd`DrwLY5`ursMOdx
cyrsMON_&j4ce¤O'ILN_``tjl`tZeMOj5jl\eIN>4N>`5\^Z'rlceNN ²[o<N_x)\^N_w7
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©dlaLc^N #l­HJILNZeaLce¯rlx N>°14jlaLMON \^cedgxMaLp\eduj[w[Y rsotoLcej5rlxyI­N_rlxyI MON_ZeIdgZx j4`tZvdgw[N_ceNFwr4Zrs`d`[°
wLN>o<N>`tw[N_`5\uj[w[Y¡x j4`L`LNFx)\eNFw®\ej¥NFrlxyI¡js\^ILN>c auZvd`L¥x j4ILN_ZedlN¢¶>j4`LNMOj:wLN>Tr4Z
MOd¦²[NFw¡uj4aL`twLrlceY
x>jl`twLd¦\^dpj4`tZ>


































∂Ωi = Γic ∪ ∂ΩiU ∪ ∂ΩiF
 QR`tw[N>c\eItNZvM
rlp
wLdZeoLgrlx N_MON>`5\^ZrlZ^ZvatMoL\edjl`<\eItNo<js\^N>`5\edgrsx j4`4\yrlx \T¶>j4`LN<N \]!N>N_`\^ILN\]!j <j[w[dpNFZrs`twd¦\yZRaL`td¦\













u = {u1, u2} \eILN¢w[dgZvotr4x N>MON_`4\§uN>gwd`
Ω1 ∪ Ω2 urs`tw:Y [u] = u2 − u1 \^ILNw[dgZvoLgrlx>N>MON>`5\´k]aLMOorlx>cej5ZeZ&\^ILN<jlaL`twtrsc^Y Γc HJILNd`5\eN_ce`trlj4c^x>N_ZrlZ^Zvj[x>drs\eN_w\ej \eILNFZvNrsc^drlLpNFZrlceN\eILNZv\ec^N_Z^Z§uN>gw



















[u] = uNn+ uT
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wLN \^rldpgZr4x c^j4Z^Z\eILNRdp`5\eN_cv¯r4x Nnd`tx>patwLdp`L\eILNn`tjlc^MOrl¨µ\^rl`LlN_`4\iw[NFx j4Mo<j4Zedp\edjl`
jsE\^ILNRw[dgZvotr4x N>MON_`4\
k]atMo«¯cedlI5\y¬ 




HlN_ce5rlrlc^w " #+%&%4}'´rs`tw Rars`twPnN_N_w[N>M






E\ej¢x dp\eNOrN> jli\eILN_M¢#ªRat4wLrlpN " #%l|l}'17mJrsc^N>`:Lgr\e\ " #+%l|50'ùEhrlpMON_crl`twq'dgx N
" #+%*.~'1PnN_N_w[N>M
rl` " #+%-,.0'1q'dgx Nnrl`tw< rs`t " #+%-,&%'1PnN_N_w[N>M
rl` " #+%-%l}'1HlN>c^4r4rscywrs`uw Ra[\^xyILd`[°
Zejl` " #+%-%40'ùsSdgxyILN>tN \&rlG " #+%-%4'1sSdgxyILN_urs`uwOW[atf5aLN \ " #+%-%;&'1 ? pd¦²ON \rlG " #%&%4'1:·&Itrs<j[xyILN'N \rlG
" #+%-%.0'161N>atuN_pNrs`twmJrY:pj4c " #+%-%&,'1[qnrljlatZJN>\Rrs1 " #%&%&%'1*4irlcedgrlZJrs`uwSrlZ^ZvdI " s}4}4'14dp`N \RrlG











d`5\eN_cv¯r4x N_Z_r4w[ILNFZvdlNk]j4dp`5\^Z_´x j4`tx c^N \^Nlx>rY4N>\^xl¢©tjlcrs` N ²:\eN_`tZedp4N
ceN_5dN> j4` \^ILNMOj[w[N_ZZeN>N
Sjl`LN_cedN " s}l}4}'ù[·&Iurs`tw[cyr-N>\JrlG " l}l}50'ù4rs`uw







ZejlMON>\edMNFZujl\eIW[jlMON \^dpMON_Z_7\^ILNON ¹EN_x)\yZjs\^ILNaL`Ldrs\eN>cyrsj4cTc^N>4aLrlced¶>NFwx j4`5\^rlx \_E\^ILNN>¹<NFx)\
jl·&jlaLjlM¸ Z´c^dx \edjl` <N j4ceN45w[atced`Lt5jlc!r¨\^N>cJw[N_x>jlILNFZvdjl` rlceNnd`tx>patwLN_w d`
\^ILNRMOj[w[N>7rl¦\^ILjlaL4I
MOj5Z]\'js\eItN-Mj[w[N_7`LN>4pNFx)\'\^ILN>M¢
5Ò`\eILdgZotrso<N>cFE&Nx grsdM §uc^Zv\eYl<\eIur\ ½¨½ jl´\eILNFZvNMOj[w[N>gZTx_rs`<N'cedp\v\^N>`d` raL`Ldgf5aLNj4cv°
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oLatceNc^dx \edjl`trlix jl`5\yrlx)\¶>j4`LNl
HJILdgZ\]Y:o<Njl&j4ceMaLgr\edjl` dZ-x_rspNFw¸ N>`tItrs`tx>N_wx j4ILN_Zedp4N¶_jl`LN
MOj[w[N_G¸#«7/!·'ÈES¬ 
HJILdgZjlc^Matrs\edjl`&trlZeN_wjl`®\eILN¢!jlc^¤:Zjsqnrsj4atZN \ rs1 " #+%&%-%' rs`tw qnrljlatZOrs`uw®Sj4`LN>c^dN
" s}4}6#:'j4`\^ILN Zejs¨\x j4aLoLdp`L¢<N \]!N>N_` r4w[ILNFZvdjl`rs`tw c^dx \edjl`trlx>jl`5\^r4x)\F#dgZldlN>`:YN_f5atrs\edjl`tZ
















µκ(β)|RN + RcohN | ‖ u̇T ‖
) «Gl¬
R
coh = K(β) · [u] rl`tw g
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Sj5Z]\¢jsdp`5\ec^d`tZvdgxx>jlILNFZvdlN ¶>j4`LN MOj[w[N_jl\eItN d¦\^N>cyr\^aLceNrsc^N w[N>§t`LNFw³:Y¡\eILN x j4aLoLN jl
NFf5atr\^dpj4`tZ-«¯~5¬Jrs`tw «	;:¬)trl`twdp`'Itrs\JjlpjnZ_:jlcRr4dp4N>`·'ÈESw[N §t`tN_w:Y \eItN_ZeN-ceN_rs\edjl`tZ_:\eILN
j4ceMaLgr\edjl`« #¬ù°)«	;5¬!dgZ!\eItN>`x>rlpN_w\eILN/J·'ÈESjlc^MaLgr\^dpj4`jl#\eItN-dp`Ldp\edgrs·'ÈES «G~4¬Ò°y«7;5¬)
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5Ò`O\^ILdgZZeN_x)\^dpj4`4\eILN /J·'ÈES jlc^Matrs\edjl`« #¬ù°)«	;5¬´dZ&w[N \yrsdpNFwjlc´\]!jotrlcv\^dx>aLrlcix>r4ZvNFZ´js7d`4\^ced`tZedx
MOj[w[N_Z_´HJILNR§uc^Zv\&MOj[w[N>EdgZ&\eILN /!·'ÈES jlc^MaLgr\^dpj4` js7\^ILNr oLc^jlo<j4ZeN_wO:Y HlN_ce5rlrscyw " #%&%4}'ù
'ItdxyIdZj4`LNJjsu\eILN'MOj4Zv\´'dZeN_ZeoLc^N_r4wx j4ILN_ZedlN¶_jl`LNJMOj[w[N>tdp`\eILN'dp\eN>cyr\^aLc^NlHJItNJZeN_x>jl`twMOj[w[N>
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λ̃ = max {λ, λ  } . « #Fl¬
©tcej4Mz\eILN'o<jld`5\´jsu:dN>®jst\^ILN /!·'ÈES"jlc^Matrs\edjl`\^ILdgZ&N_pp°1¤:`Lj'`MOj:wLN>Lx>rl`<NJceN>jlc^Ma[°



















β̇, β, uN , uT
)
= β − min
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w[NFx c^N_rlZeN_Zicej4M #T\ejO}'dp\eI ‖[u]‖ ¬ :rl`tw\eILNZ]\yrs`twtrscywHlN>c^4r4rscyw7¸ ZgrdgZ\eI:atZiN ²:\eN_`tw[N_w\ejc^dgx)\edjl`ursLx j4`5\^rlx \_HJILdZiN ²:\eN_`tZvdjl`Ox>rl`<Nnx j4MOoLpN>\eNFw:Yd`tx>jlc^ouj4c^rs\ed`L
r¢otcej4lc^N_Z^ZvdlN\ecyrs`tZedp\edjl` cej4M x>jlILNFZvdjl` \ej¢c^dx \edjl`4dp:d`Lr¢otrsce\edgx atrlcjlc^M \ej\eILNOaL`ux)\edjl`
κ(β)
trlZ_­
κ(β) = (1 − β)s 'd¦\^I s = 1, 2 j4c 3, jlc'N>²LrsMOoLN . « #,4¬
HJILNceNFZvaLp\ed`L /!·'ÈESdgZ'oLjs\e\eNFw¢dp`©dlaLc^N~Ltrl`twd¦\ZvILj4aLgw<N`Ljl\edgx NFw\^Itr\R\eILNx>jlILNFZvdjl`[°







































©dlaLc^N'~L­ /i`LItrl`tx NFwlN>cyZedpj4`jlu\^ILNRZv\^rs`uwLrscywHlN_ce5rlrlc^w7¸ Zx jlItN_Zedp4N!gr dp`5\ec^j[w[atx>dp`LrZejs¨\&x>jla[°
otpd`L'd¦\^IaL`Ldgr\eN_c^rl<x>jl`5\^r4x)\'rs`tw¢·&jlaLjlM¸ Zic^dx \edjl`«jlc^MaLgr\^dpj4` « #F¬ù°)«	;:¬v¬ PRjlc^M
rsdp¶_N_wO\yrs`[°
4N>`5\edgrsL\ecyrlx)\^dpj4` ‖RT +RcohT ‖/Rcoh
lN_c^ZeatZ´`Lj4ceM














\^ILNwLN_x j4ILN_ZedlN-oLc^j[x N_Z^Z«¯pdlI5\T4c^rYrsc^N_r4¬ tN_r4Z]\^dxZv\ej4ceNFw¢N>`LN_ce4Y «GwLrsc^¤4c^rY
rlceNFr4¬ 5N_`LN>c^lYw[dZ^Zedpotrs\eNFw:Y
c^dx \edjl`«tr4xy¤rsc^N_r5¬)
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MOj[w[N_&dgZItN>c^Nw[N \yrsdpNFw7 HJILdZMOj[w[N>1´oLc^N>:dpj4atZepY oLcej4ouj5ZvNFw :YhN_c^rlpNFZN \Ors1 " s}4}4'1w[N>c^dlN_Z
c^jlM rZeaLce¯rlx>NwtrsM
rs4NTgr±d`Ldp\edgrspYoLcej4ouj5ZvNFw :YSdgxyILN_#rs`tw¢W:atf5aLN>\ " #%&%&;'rlZ_­
g
(
β̇, β, uN , uT
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r\\eItN x c^d¦\^dx_rsiw[dgZvotr4x N>MON_`4\-'ILN_ceN\^ILNO¯rsdpatceNOj[x>x>aLc^Z_ ? Z!N'dirs\v\^N>c-aL`twLN>c^pd`LNl#\eILN
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©dlaLc^N ;t­¡HJILN /i`LItrl`tx NFw ·&j4ILN_Zedp4NÈEjl`LN Sj[w[N>-auZvNFw³d`D\^ILdgZ¢otrso<N>c«¨j4ceMaLgr\edjl` « #¬ù°)«	;5¬
rl`tw¥NFf5atr\^dpj4`±« #%4¬v¬ ¥Pnj4ceM
rsd¶>N_w\^rs`tlN>`5\^drl\^c^r4x)\edjl` ‖RT + RcohT ‖/Rcoh
lN>cyZeatZ`tjlc^MOrlpd¶>NFw
\yrs`L4N>`5\edgrsnwLdZeoLgrlx N_MON>`5\k]aLMOo ‖uT ‖/(3δc) d` \eILNx_rlZeNjlat`Ldpgr\^N>cyrsnx>jl`5\^r4x)\« uN = 0 rs`tw
(RN +R
coh






wLN_x j4ILN_Zedjl`Zv\^r\^Nl­JN>`tN>c^lY¢w[dZ^Zedpotrs\eNFww[aLc^dp`t \eItNw[NFx jlItN_Zedp4NoLc^j:x>N_Z^Z«¯pdlI5\T4c^rYrsc^N_r5¬)tN_r4Z]\^dx
Zv\ej4ceNFw N_`LN>c^lY«GwLrsc^¤ 4c^rY
rsc^N_r5¬)[N_`LN>c^lY w[dgZ^Zvdotr\^N_w:Y c^dx \edjl` «Lgrlxy¤rlceNFr4¬ 
d`tZv\^rlLdpdp\edN_Z
c^N>gr\^N_w \ej \^ILNZejs¨\^N>`Ld`L<N>Itr:djlc jlT\^ILNx j4ILN_ZedlNgrnZ rsc^Nx jlc^c^N>gr\eNFw¥\^j\eItdZ
M
rs²:dMatM+`LN>5r\edlN¢Zepj4ouN4­dpTd`tZv\^rstdpd¦\^dpNFZ
rsc^NZeatZeouNFx)\eNFw7&\eILNZeMOrlpN>c\^ILNx jlItN_Zedp4N jlcyx N¢r\
\^ILNOM









jlnw[N_x>jlILNFZvdjl`HJItNjs\^ILN>cMOrldp`¥N_r\^aLc^N js'\^ILdZ/!·'ÈES%dgZ\eItrs\rs`:YN>`LN_ce4Y dgZw[dgZ^Zvdotr\^N_w :Y
c^dgx)\edjl`<N jlc^N\eILN-j4`tZeN \njsw[N_x>jlILNFZvdjl`#HJItdZ'Zed¦\^atr\^dpj4`¢dZJdpatZv\ecyr\^N_wdp`©dp4aLc^N ;u
HJILNTN ¹EN_x \^Z!js7\^ILNTZv\ec^dx \&aL`tdpgr\^N>cyrsux>jl`5\^r4x)\&rl`tw
jl7\eILNoLc^jllc^N_Z^Zedp4N&\^c^rl`tZed¦\^dpj4`Ocej4M wLN_x j4ILN °
Zedjl`¢\ejcedgx)\^dpj4`d`tx j4ceo<jlcyr\^N_w¢d`\eILN/!·'ÈES°Gj4ceMaLrs\edjl`¥« #F¬ù°)«	;:¬nrlceNat`tw[N>c^dp`LNFwd` ©dp4aLc^N [
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RN > 0, uN > 0, RNuN = 0,
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‖RT‖ 6 µ|RN |,
{
‖RT‖ < µ|RN | ⇒ u̇T = 0,













κ(β = 0) = 1
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rc^rs\eN °ùd`tZvN_`tZed¦\^dp4NRx j4ILN_Zedp4NR¶_jl`LNMOj:wLN>E'd¦\^ILjlaL\&c^dx \edjl`´HJILdgZ!ceNFZvat¦\J!r4Zi§uc^Zv\!j4[\^rldp`tN_w
:Y
Sjl`LN_cedN " s}4}l}'7rl`tw¢Sjl`tN>c^dpNrs`tw ? x_rsc^Y " l}l}6#:'1
#N \atZceNFx>rs\eItNZ]\yrs`twtrscyw`Ljl\^rs\edjl`js'x grlZ^Zvdgx>rliZvotr4x NFZjs'lNFx)\ej4cv°ùrsaLN_waL`tx \edjl`tZ_HJILN
Zeotr4x N_Z
Lp(Ω), 1 < p < +∞ rsc^Nw[N §t`tN_w :Y\eILN Zvotr4x NFZjl #N><N_ZelaLN>°1MONFrlZeaLc^rlLNaL`ux)\edjl`uZZeatxyI\eIur\ ‖f‖Lp(Ω) = (
∫







ess sup |f | < +∞  HJILNW:j4uj4pN_<¸ Z
Zeotrlx>N_Zjsjlcyw[N>c m rlceNw[N_`Ljs\^N_w®5Y
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Wm,p(Ω) = {v ∈ Lp(Ω)|Dαv ∈ Lp(Ω), ∀|α| 6 m} rl`twrsc^NrlZ^Zej:x>drs\eNFw\^j
\eItNjlj'dp`L`Ljlc^M

































V = V 1 × V 2, rs`uw H = L∞(Γc). «1ll¬





∈W 1,2(0, T ; [L2(Ω1)]3 × [L2(Ω2)]3) «1s|4¬
T =
(
T 1, T 2
)











T i ·vids, ∀v ∈ V. «G&,4¬
HJItNrlZ^ZvaLMOo[\^dpj4`tZ«Gl|4¬Jrs`uw «1-.s¬!N_`tZeaLceN\^Itr\







i = 1, 2
¬)





g? ∈ H Lrs`uw\^ILNx j4ILN_ZedlNTjlcyx N Rcoh x_rs`uNw[NFZex>ced<N_wrlZ'raL`tx \edjl` ξ jl [u] ­








β0 ∈ H ∩ [0, 1]
t\eILNf4aurlZed¦°
Zv\^rs\edgxcedgx)\^dpj4`trsx jl`5\yrlx)\notcej4LpN_M jli·&j[x>aN \TrlG " #+%-%l|'#x>rs`<NN>²5\^N>`twLN_w\ejO\^ILNx>jlILNFZvdlNx_rlZeN
Y:dN>gw[d`L\eILNj4pj'dp`trsc^dgr\edjl`ursEoLc^jlLN>M¢­
a(u, v − u) +
∫
Γc
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 Â:Æ  Â    6 y¼l¼<½¦º¯¾ s¿Gº 
s̃ : k → ξ([u(k)])     u(k) ∈ K º  ¿	6 : ½ [¿1º   

a(u, v − u) − (φ, v − u) +
∫
Γc
k · ([v] − [u])ds > 0 ∀v ∈ K, «G~l~4¬




λ2c1/m < 1 	
   º  ¼<½)4¾ >»   ¿
u(k̄)
º  ¿	*  ¿	6 : ½ [¿1º   
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a(u(k1) − u(k2), u(k1) − u(k2)) 6
∫
Γc




























i = 1, 2
¬
ZeatxyI\eItrs\_­
‖γiu(k1) − γiu(k2)‖L2(Γc) 6 λi‖u(k1) − u(k2)‖H1(Ω),
j4c
i = 1, 2.
«¯~4|4¬
5Ò`5\^cej[w[atx>dp`t
λ = λ1 + λ2 > 0
Lrs`uwx>jlMLdp`tdp`LOd`LN_f5atrlpdp\edN_Z-«G~44¬&rl`tw «¯~4|4¬)[j4`LNjl[\yrsd`tZ_­







‖s̃(k1) − s̃(k2)‖L2(Γc) 6 c1‖[u(k1)] − [u(k2)]‖L2(Γc),
6 λc1‖u(k1) − u(k2)‖H1(Ω).
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(U − u) «	; #F¬
wLN §t`Ld`L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Lcyrs`uxyILdp`tT<N \]!N>N_`N>²:\ec^dp`tZedgx
rl`twd`5\ec^dp`uZvdgxx>jlILNFZvdlN¶>jl`tNMOj[w[N>gZ`5atMN_cedgx>rlpY¢jltZeN>c^lNFw¢:Y©trs¤N \-rs1 " l}l}# 'f5atrlpdp\^rs\edlN_pY
x>jlc^cej4uj4c^rs\eNFZ´\eItN-ceNFZvaLp\'js\eILNHJItN>jlc^N>M #l
 TÆ E   Â  _  ¯  Æ Ç Â GO[ Â  Æ  Â __[  Â    E_  ¯  Æ Ç Â G  HJILN`:aLMON>c^dgx>rs















N ²:\^ced`tZedxOMOj[w[N>gZ_HJILdgZZed¦\^atr\^dpj4`dgZdpatZv\ecyr\^N_wd` ©dlaLc^N .jlcr¢pd`LN_rlc-N ²:\ec^d`tZvdgxOMOj[w[N>
rl`twrtd¦°ùpd`LNFrsc'd`4\^ced`tZedxMOj[w[N>1
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|ξ′| > |E/L| → aL`uZ]\yrsLN








MOj[w[N_Z-«Gf4aurs`5\edp\edN_Z |E/L| rl`tw |ξ′| x j4cec^N_Zeo<jl`tw \ejON_f5atrs\edjl` «	;54¬v¬ 
      Â Ç Ã   Gl & Â G   [  Æ 




k]aLMOotZ " ·&Iurs<j:xyItNN \rs1p7s}4}6#:'1­JMON_ZeIc^N §t`LN_MON>`5\_7ZeouNFx dgrsx jl`5\^cej4#oLc^j[x N_wLaLceNFZ>
j[x>rlnx jl`5\^cej4'js\eILNZejla[\^dpj4`&`tjl`¡pj[x_rs'j4ceMaLrs\edjl` js\eILN x jlItN_Zedp4N¶_jl`LN¢MOj[w[N>gZ_!:dgZex>jlatZ
c^N>4aLgrsc^dp¶Fr\edjl`#rl`tw¥w[Y:`trlMdgx c^N>gr²Lrs\edjl`HJItNMON_ZeI¥c^N §t`tN>MON>`5\dgZjs¨\eN_``Ljl\r4x>x N_o[\^rlLN
jlc



















·&Itrs<j[xyILNN>\rs1 " l}l}6#:'#j4crx jlMOoLN \^Nrl`trsY[ZvdgZ^¬ «¯dpd¨¬Tw[N>o<N>`twLdp`L







wLdpN_`4\ ∇β \eILN_jlc^Yl[d`5\ec^j:wLatx NFZ'r`tN>±d`5\eN_ce`trl7pN_`Ls\^IL'ILdgxyIItrlZJ`Lj
x>pNFrscJoLI:Y[Zvdgx>rl7MNFrs`Ld`LjlcItjlMOjl4N>`LN_jlatZ´M





















qndp4I4\F­9/i4jla[\edjl` jlT\^ILNN_`LN>c^lY®x jl`uZvaLMONFw¡5Y :dZ^x j5Zvdp\]Yw[atced`L¥r¥w[NFx j4ILN_Zedp4N¢oLcej[x>N_Z^Z rlZ r
at`tx)\^dpj4`jl#\^ILN-pj[x_rs7lN_pj[x>d¦\]Y4




\^ceNFr\^N_wjl`¢ZvNFx)\edjl`¢~L #l rL:\^ILN-N_f5atrs\edjl` «	; #F¬&uNFx j4MNFZ>­
−T = E
L














































sup |ξ′| Itr4ZR\^j<NOx jlMOotrlceNFw¢\ej\eItNOf5atrl`5\edp\]Y |M/(Sh2) + E/L| 7d`tZv\eN_r4wjl |E/L| d`\^ILNZv\^rs\edgxx>rlZeNl 5ù\ndgZ'c^N_rlwLdpYO\ej ZeN>N\eIur\n'ILN_`\^ILN\edMONZ]\^N>o¢rs`LdgZeILN_Z_:\eILN\^N>c^M |M/(Sh2) + E/L|<N_x>jlMON_Zrlce4N>c´\^Itrs`
sup |ξ′| rs`uwO\eILNw[N_x>jlILNFZvdjl`OdgZ&rlpJrY[Z´Z]\yrsLNl 5Ò`
\^Itr\JZvN_`tZeNls\^ILNTwLY5`ursMOdxj4ceMaLgr\edjl`dZrc^N>gr²Lrs\edjl`js´\^ILNOdpp°1o<j4ZeN_w[`tN_Z^Znjs\eILNOf5atrlZed¦°ÒZv\^r\^dxuj4aL`twLrlceY¢rsaLNoLc^jlLN>M
Zv\eauw[dpNFwdp`ZeN_x)\^dpj4`~t)#4 rt
? `d`4\^N>c^N_Zv\ed`Lj4ouN_`dgZeZeaLNdZR\ejoLc^jlNrl`N_f5aLdrsN>`5\Tc^N_ZeaLp\T\^jHJILN_jlc^N>M #j4cr \edMNOrs`uw
Zeotr4x N-x j4`4\^dp`:aLj4atZ!oLc^jlLN>M¢
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u0
−T



















\eN>`uwLZ\ej¶>N>c^jtF\^ILN'f4aurs`5\edp\]Y |M/(Sh2)+E/L| <N_x j4MON_Zrlce4N>c\^Itrs` sup |ξ′|rl`tw\eILNw[NFx j4ILN_Zedpj4`Zv\^rY[ZJrsJrY:ZJZv\^rlLpN4
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jsJdp`5\^ced`tZedx x>jlILNFZvdlNOMOj[w[N>gZ_wLj5NFZ\eItN dp`td¦\^drl&Zepj4ouN j4c-\eItNZ]\^d¦¹E`LNFZeZjsJ\eILN
x j4ILN_Zedp4NMj[w[N_r¹EN_x \'\eILN-j4N>cyrsuN_r4Z]\^dxoLc^jlo<N>ce\edN_ZJjl#\eItNZ]\^ceatx \eaLc^N	
? Z&N'dp-ZvItj uN_pj-R\eILNrs`uZv!N>cyZ





N_r4w[dp`t\ejr`Ljl`¡NFrlZedptpNZvN>\jlc\eILN c^rs\edjt HJItN_ZeN_Z <jlat`twLZrsc^NatZeatrspY ldlN_`
auZvd`L rs`N_MOoLdpc^dgx>rs'rl`twuµj4c`:aLMON_cedgx>rl!JrYl <N¢ldlNILN>c^N¢rs`N>²Lrlx)\Oj&N_c<jlaL`uwtr4ZvNFw¥j4`
ËË ÏA )÷





5Ò` ¯rlx \_!rsc^dpj4atZOpN_`Ls\^I Z^x>rlpNFZ

















































 HJILdgZOc^N_ZeaL¦\ x>jld`tx dgw[N_Z'dp\eI \eItj4ZeNjl1N>atuN_pNrs`tw mJrY:pj4c
" #+%-%&,'7jlcRd`5\ec^dp`uZvdgxx j4ILN_ZedlN-MOj[w[N>gZRrl`tw¢js!·!rlMOr4xyILj













































N duN = ζR









j4c\^ILNMj[w[N_oLcej4ouj5ZvNFw d` W:NFx)\^dpj4`B[ ~L 
ζ = (9 − 4ln4)/6 ' 0.57 

















r ' °ù~rs`uw ζ 6 1. «G4l¬
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Rj&N_lN>cFi\^ILN_ZeNZvour\edgrs'c^N_Zejla[\^dpj4` x>jl`tZedwLN>cyr\edjl`uZIurlN\ej<Nx jlMOoLN \^N_w :Y¥MON_xyItrl`Ldgx>rs
x>jl`tZedgw[N>cyr\^dpj4`tZj4`¥\eItNj4N>cyrs!x>jlMOoLdrl`tx NrlwLwLN_w®5Yd`5\ec^dp`uZvdgxx>jlILNFZvdlNMOj:wLN>gZ>HJItNd`Ldp\edgrs





















r̃ ' #_} . «Gl~4¬
































j4N>cyrsuZv\edp¹<`tN_Z^Z&jl\eItNZejldgw7 ? `trlpY:¶>d`Lrs`Ljl\eILN_c&\]Y:o<NTjl#cyr\edjwLN_w[dgx>rs\eN_w\ejN ²:\^ced`tZedxTx jlItN_Zedp4N
MOj[w[N_Z_©trlp¤N \


















x j4ILN_Zedp4N¶>jl`tNMOj[w[N_pd`Lt 5Ò`¢oLcyrlx \edgx N4[d¦´jl`tNauZvNFZJpd`LN_rlc'lj4paLMON>\ec^dxT§t`Ldp\eN-N_pN_MON>`5\^Z_trs`uw




























w[Y:`trsMOdgx-x cyrlxy¤[Z&5Ydp`ux jlc^o<jlcyr\ed`L`5atMN_cej4atZ'x j4ILN_ZedlN`Lj[w[N_Z'rlpj4`L\eILN-MON_ZeI[°Òx N_p7NFw[lNFZ>
u¬¢W:N_x>jl`twLpY4L\eItNrsaLN
r̃ ' 10 jl\^ILNj&N_cn<jlaL`tw¢JrlZnjl[\yrsd`LN_w¢`:aLMON>c^dgx>rsY:Y /&ZvoLd`Lj5Zerrs`twOÈErr\e\edN>c^d " s}l}4~'5jl`rRldlN_`Zvdp\eaur\edjl`'d¦\^IrRotrsce\edgx aLgrsc\]Y:ouN!jsL`:aLMON_cedgx>rll\^ceNFr\eMON_`4\
ËË ÏA )÷
&,   ¾   :)º7
rs`tw§t`Ldp\eNN_pN_MN_`5\^Z_HJItdZ!rsaLNItrlZ&\^j<N-x jl`L§tceMONFw d`\^ILNT4N>`LN_c^rl<x_rlZeNl´HJILdgZJoLc^jlLN>M
dZRZ]\^atw[dN_wdp`\^ILN-`LN ²:\'otrlc^rllcyrsoLI
    s  Â   Æ  ùÆ    	 G ¯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x>jlMOoLdrl`tx Njl`®\eItNjlN>cyrs!N>grlZv\edgxMOj[w[aLdG HJILNx_rlZeNjlr MON_ZeI 'dp\eI ILj4Mj4lN_`LN>j4atZN_r4Z]\^dx

































K = I − J 7'd¦\^I i \^ILNOdwLN>`5\edp\]Yjs\eILN






























El = n⊗ n⊗ n⊗ n
«G.s¬
Kl = 2 (js ⊗ js + jt ⊗ jt)
'ILN>c^N
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= (CNuNn+ CTuT ) ⊗s n
= CNuNn⊗s n+ CTuT ⊗s n
= CNuNEl : (n⊗s n) + CT Kl : (uT ⊗s n)
= (CNEl + CT Kl) : (uNn⊗s n+ uT ⊗s n)
= (CNEl + CT Kl) : ([u] ⊗s n).
«1%4¬
? Z-aL`twLN>c^pd`LN_w:Y SdxyILN_&rl`twW:atf5aLN \ " #+%-%;&'17\^ILNZv\ecyrsd`rlx c^j4Z^ZrZvM
rlpigrYlN_cjsJ\eILdgxy¤:`LN_Z^Z
ex_rs`uNrloLoLc^j4r4xyILN_w5YE­






































































































Ci = eC̃ → 0
rs`tw








C0 = C   
¬Trsc^NNFf4aursrs`twldlN\^ILN\ec^dp:dgrsceNFZvaLp\_­
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   :)º7
QTZvd`L«¯|4~4¬!rs`uw«1s|5¬)[jl`tNT§u`twLZ
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2 + 2p(p− 1)Lmesh.
« .&.s¬
©tjlc'grsc^lNMON_ZeILN_Z-«¯dG Nl´'ILN_`










































CN/CT ∈ [1/3, 10/3]
rl`tw
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HJItNf5aLNFZ]\^dpj4` js\^ILNZvotrs\edgrs7x j4`:lN>c^lN_`tx N'jl\eItNx>jlILNFZvdlNµlj4patMN>\ec^dx!§u`Ld¦\^NN>N>MON>`5\JMN>\eILj[wdZ
jl¨\eN_`w[N>ur\eNFwOdp` \eILNTpdp\eN_c^rs\eaLc^N«¯ZeN>N4lj4cN>²[rlMOoLpN4l\^ILNRc^N_x>N>`5\c^N>:dN> js#w[Nm&j4c^Zv\iN \Jrs1 " s}4}l|'¬)
HJItN &j4ce¤ jsRHJd kvZeZeN>`uZN \Ors1 " s}4}l}'&ItrlZZvILj'`j4c\eItN §tcyZ]\\edMN\eItrs\\^ILdZrsotoLcej5rlxyI ZvaL¹<N_c^Z




j4ouNFw5YN ²[oLjldp\ed`LO\eItNotrsce\edp\edjl`L°1jl¨°1aL`td¦\]Y otcej4ouN_cv\]Y d`¢jlcyw[N>cJ\^j rlj4dw\eILdgZnotcej4LpN_M"q'N_MMON_c^Z
N>\Trs1 " s}4}l~'ùm!a[\FLc^jlM \^ILNo<jld`5\Rjs´:dpN_Djl\eILNZeotrs\edgrs#x>jl`:lN_ce4N>`tx>NR\^ILNx j4`tx atZedpj4`dgZRf5aLdp\eN
wLd¦¹EN>c^N>`5\_O©dpcyZv\_7\^ILNO&j4ce¤jl&h´rso<jlaLdgrN>\rs1 " s}4}l|'oLc^jlNFZn\^ILN Zeotr\^drlx>jl`:lN_ce4N>`tx>Njl!x cyrlxy¤







































¬)rs`twrs` d`Ld¦\^drlix cyrlxy¤dgZ-d`tZvN_cv\^N_wr\\eItN x N>`5\^N>c-js
\^ILNZv\ec^atx)\^aLceN-rl`two<N>c^o<N>`tw[dgx atrlcJ\ejO\eItN-pj5rlw[d`LOw[dpc^N_x \edjl`
HJILNMNFZvIx>jl`:lN_ce4N>`tx>NTdgZRZv\eatwLdpNFw\eILc^jlaL4I\^ILNM






















ceato[\eaLc^NON_rs\eaLc^N_Zjs!\eILN MONFZvIZedp¶_N_Zx>jl`tZedwLN>c^N_w7 ? ¦\^ILjlaL4I \eILN
x>c^r4xy¤[Z´otr\^ItZJrsc^Nn`Ljl\edgx N_rlLYOwLd¦¹EN>c^N>`5\_5\^ILNTM




~&;   ¾   :)º7
r4¬ \eILN
MONFZvI Zvd¶>NOdgZN>`Lj4aLlI ZeMOrlpiZeatxyI \eItrs\\eILNO§t`td¦\^N
N>N>MON>`5\w[dgZex>ceN>\ed¶_r\^dpj4`N_cec^jlcdgZ-rlx)°
x N_o[\^rlLpNrl`tw7
u¬\eILN-d`Ldp\edgrs#x>jlILNFZvdlNZv\edp¹<`LNFZeZndZJ!N>#x>rlpdLcyr\^N_w auZvd`L\eILNx>cedp\eN_cedjl` «7,4}4¬ 
«¯r4¬ #F|l}l}MON_ZeILN_Z «u¬J~4|l}4}MON_ZeILNFZ
«¯xF¬J|;5}l}MNFZvItN_Z «¯wt¬ #F}l}l}4}MONFZvILNFZ
©dlaLc^N #&#4­q'aLo[\^aLceNONFr\^aLceNFZjlc-rsc^djlatZMON_ZeILNFZ-atZedp`Lrl` r4wLrsoL\eN_w d`Ld¦\^drlx j4ILN_ZedlN
Z]\^d¦¹E`LNFZeZ
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Lmesh/L 5.0× 10−2 3.3× 10−2 2.5 × 10−2 2.0 × 10−2
E/(GIcS) 21.62 21.80 22.20 22.20
HrstpN #l­ PRjlc^M
rsdp¶_N_w MOr4x c^j4Z^x j4oLdxcyrlx)\^aLc^N N_`LN>c^lYzd` aL`tx \edjl` js\eItN `Ljl` w[dMON>`tZedpj4`trs
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HJItdZZvNFx)\^dpj4`¥rsdMOZr\dp`5\^cej[w[atx>dp`trotrlcv\^dx>aLgrsc-j4ceMaLrs\edjl`jl'\eILN¢ªRY:`trlMOdx_Z>\eItNZejÀ[x>rsN_w




`tjl`tZeMOj5jl\eI4w[N_Z^x c^dpoL\edjl`Ojs<\eILNTx jl`uZ]\^d¦\^a[\edlN'grnZ> ? Z´!N'Itr4N
rlpc^N_r4w[Y-ZvN_N>`dp`\eItN&j4ceMaLgr\edjl`jsu\eILN /!·'ÈES « #¬1À7«¯~4¬ lPnj4`tZeMj:jl\eI ? `trlpY[ZedZ_4·&jl`:lN>² ? `trlpY[ZedZ
rl`tw¥W:N>\v°ùrlpatN_w ? `ursY:ZedgZ " ndcedgrsce\v°ÒQnc^ceaL\]Y rs`uw N>M
rlcebFxyItrs1 #+%-%l~'ioLrY rs`dMOouj4cv\yrs`5\c^jlN d`
j4aLcZeN \e\ed`LtHJILN \eN>c^M]`Lj4`tZeMj:jl\eI 
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d`5\ec^j[w[atx NFw¢dp`r f5aLdp\eNauZvatrlZeN \e\ed`LtHJILNx>jl`5\ed`:aLaLM MON_w[daLM dgZRdgw[N>`5\^d¦§tNFwr\T\edMON
t ∈ [0, T ]:Y dp\^ZnljlaLMONdp`
IRd
iHJILN-d`5\eN_lN>c
d = 1, 2, 3
w[N_`Ljs\^N_Z!\eItNZvotr4x Nw[dMN_`tZedpj4`Ljsdp`5\^N>c^dpj4c









o<N>c^MOd¦\e\ed`LrZeotr4x N °Òw[dgZex>ceN>\ed¶_rs\edjl`urlZeN_w jl`rx>jl`:lN_`5\edjl`trl§u`Ld¦\^NN_pN_MN_`5\MON \eItj:w 5ù
Ωi
dZ
r4ZeZeaLMON_w\ej<Nr c^dp4dw®<j:wLYl!\eILNN_f5atr\^dpj4`¡jsMjl\edjl`¡'dpn<Nw[NFZex>ced<N_w®5Y r§t`Ldp\eNZeN \ jl
x>j:jlcyw[dp`ur\eNFZ> 5Ò`ujl\eIx_rlZeN_Z_o<j4Z^ZedpLY r¨\eN_cr Zvotr4x N>°ùw[dgZ^x c^N \ed¶_rs\edjl`#\eILNN_f5atrs\edjl`tZjsnMOjs\^dpj4`
'duNj4ceMaLgr\eNFwrl`tw\ec^N_r\^N_wdp`rOZedp`L4pN§t`td¦\^N °Òw[dpMON_`tZvdjl`ursEcyrsMON>!jlc^¤E












X = ψ(x, t)
-HJILNOw[dZeoLgrlx>N>MON>`5\RdgZw[N §t`tN_w:Y
u(x, t) =












u(x, t) = u(ϕ(X, t), t) = U(X, t)

       ÂÆ 	    Æ:ÅÂ  ® Æ E    Â    ¯4  W5\^rlcv\^dp`tc^jlM \eILNN_f5atrs\edjl` jl
MOjl\edjl`dp` /iaLN>c^dgrs`¢x j:jlcyw[d`tr\^N_Z_









(ü(x, t) − b(x, t))v̂(x, t) dm(x, t) =
∫
Ωi(t)
div σ(x, t)v̂(x, t) dω(x, t),
« ,44¬










dm(x, t) = ρ(x, t) dω(x, t)
dgZJ\eItNM
rlZ^Z'MON_rlZeaLc^Nl < d¦\^I
\^ILN-ILN_po¢js\eILN1c^N>N_`j4ceMaLgrlZ_:\eILN-oLc^d`tx doLNjl:dcv\^atrs7o<j!N>cJdZJauZvatrlpY c^N j4ceMaLrs\eNFwr4Z
∫
Ωi(t)
(ü(x, t) − b(x, t))v̂(x, t) dm(x, t) = −
∫
Ωi(t)






t(x, t)v̂(x, t) ds(x, t) +
∫
Γic(t)
r(x, t)v̂(x, t) ds(x, t)
« ,l~4¬
'ItN>c^N
A :B = AijB
ij dgZn\^ILN

























σ(x, t) :∇v̂(x, t) dω(x, t) = −
∫
Ωi(t)
σ(x, t) : D̂(x, t) dω(x, t)
«7,5l¬
5Ò`
j4c^w[N_c´\ejjlc^MaLgr\^NJ\eILNnotced`tx doLNnjs7:dcv\^atrsLo<j!N>cid` r\ejl\^rs #rllcyrs`L4drl`cyrsMON>!jlc^¤E\eILN
ZeN_x>jl`twhidjlgrÀ2dpcyxyILILjl¹\^N>`tZejlcF














σ(x, t) :∇v̂(x, t) dω(x, t) = −
∫
Ωi(0)
S(X, t) : L̂(X, t) dΩ(X, 0)
«7,l|5¬
ÉÊËÉ¨Ì
  »  ¿	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'ItN>c^N
L = Ḟ







(Ü(X, t) −B(X, t))V̂ (X, t) dM(X, 0) = −
∫
Ωi(0)




T (X, t)V̂ (X, t) dS(X, t) +
∫
Γic(0)
R(X, t)V̂ (X, t) dS(X, t)
« ,.s¬
'ItN>c^NT\^ILNrloLoLdpNFwj4c^x>N_ZJgrnZJjl`\eILNuj4aL`twLrlceYZ^r\^dZv§tNFZ
T (X, t) = S(X, t).F T (X, t).N(X, t)rl`tw
R(X, t) = S(X, t).F T (X, t).N(X, t)
=5ù\ dZO`Ljl\eN_&j4cv\^I5Y \^Itr\
\^ILNd`4\^N>cyrlx \edjl`tZ<N \]!N>N>`




































Nh(X, t)Uh(t), u̇(X, t) =
∑
h












oLc^d`tx doLNjl&:dpce\eaurs´o<j&N_crl`tw ZedMotpdpY:dp`L¢'dp\eIceNFZvo<N_x \\ej\eILN
:dcv\^atrsE§uN>gwY:dN>gwLZ'rOZvourlx N>°ùwLdZ^x c^N \^dp¶_N_w NFf5atr\^dpj4`jlMOjs\^dpj4`jl#\^ILNjlc^M











rlceNT\eItNw[dZ^x c^N \^dp¶_N_wjlcyx NFZ'w[aLN\ej\eItNx jlItN_Zedp4N
¶_jl`LNMOj[w[N>1
ËË ÏA )÷
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(ü(x, t) − b(x, t))v̂(x, t) dm(x, t) =
∫
∂Ωi(t)









u̇(x, t) dm(x, t) =
∫
Ωi(t)
b(x, t) dm(x, t) +
∫
∂Ωi(t)





(x− xO) × u̇(x, t) dm(x, t) =
∫
Ωi(t)



















u̇(x, t) = vGi(t) + ωi(t) × (x− xGi),
ü(x, t) = v̇Gi(t) + ω̇i(t) × (x− xGi) + ωi(t) × (ωi(t) × (x− xGi)).
« %4l¬



































(x− xGi)T (x− xGi) dm(x, t),=
∫
Ωi(0)




b(x, t) dm(x, t) +
∫
∂Ωi(t)




(x− xGi) × b(x, t) dm(x, t) +
∫
∂Ωi(t)
(x− xGi) × t(x, t) ds(x, t).
« %.l¬
ÉÊËÉ¨Ì
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 < d¦\^I\^ILdZrsc^dgrsLNlEr¨\^N>c-Zvj4MONrslN_LcyrsdgxMOrl`LdoLaLgr\edjl`uZ><\eItNNFf4aur\edjl`uZRjlMOjs\edjl` x>rs` uN
'c^dp\v\eN_`rlZ_­









rlpdgZvM o<j4Zv\eatrs\ed`LO\eILN-N>²[dZv\eN_`tx Njs\eILN rs4c^rl`Lldgrs` jl\^ILNZeY:Zv\eN_M¢
L(z, ż) = T (z, ż) − V (z),
x>jlMOo<j4ZeN_wjs#\^ILN-¤:dp`tN \edgxN>`tN>c^lYl
















= Qi(z, t), i ∈ {1 . . . n},
« #_}#F¬
'ItN>c^N\^ILNOlN_x \ej4c




























5ùJ&N rlpj j4`LNO\ej¢d`4\^cej[w[aux N
`Lj4` dp`tN_rsc-d`5\eN_c^r4x)\edjl`uZT<N \]!N>N_` uj[w[dN_Z-jl&\^ILN ZeY:Zv\eN_MVrs`uw
N>²:\eN>c^`trlLrsoLoLdN_wjlcyx NFZ´'ILdgxyIOwLj-`Ljs\w[N_cedlNFwcej4M roujl\eN_`4\^drlG4&N''dtatZeNJ\eILNnjlpj'd`LMOjlc^N
4N>`LN_c^rl<jlc^M jlcJ\^ILN-N_f5atrs\edjl`jsMjl\edjl`­
M(z)z̈ + F (t, z, ż) = 0
« #F}l~5¬
'ItN>c^N
F : IRn × IRn × IR → IRn x j4pN_x \^Z&\eItNd`5\eN_ce`trlE`Ljl`pd`LNFrscJdp`5\^N>cyrlx)\^dpj4`tZ&uN>\]&N_N>`uj[w[dN_Z'ItdxyI¢rsc^N`Ljs\'`LNFx N_Z^Z^rsc^dpY w[N>c^dlN_wc^jlM"ro<js\eN_`5\edgrs#rl`tw \^ILN-N ²:\^N>c^`trsrloLoLdpNFwj4r4wLZ>
ËË ÏA )÷
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  Æ   Æ   5Ò`\eItNnZvNFf4atN>1s\eItN'N_f5atr\^dpj4`tZjsEMOjs\^dpj4`jlEZeotr4x N °
wLdZ^x c^N \^dp¶_N_wx jl`5\^dp`:aLaLM MNFw[dgrrl`twcedldgw<j[w[dpNFZ´'dp[<NJ\ec^N_rs\eN_wd`\^ILNnZerlMONJZeN \e\ed`Lt 5Ò`jlcyw[N>c\ej
ZeaLMOM
rsc^dp¶_NR\^ILN-N_f5atrs\edjl`tZ-« %6#¬)« #F}l}5¬rl`tw « #_}4~4¬ 5!Ndp`5\^cej[w[atx>N\eILN§t`td¦\^N-jsrlcedgrsLN_Z
q
'ILdgxyI
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r4ZeZeaLMOo[\^dpj4`dMOoLdpNFZn\^Itr\TrZvotr4x NwLdZ^x c^N \^dp¶Fr\edjl`¢jl\^ILNx>jlILNFZvdlN-¶_jl`LNIurlZn<N>N_`ouN_cvj4ceMONFw7 5ù
\^ILNuj[w[dN_Zd`x j4`4\yrlx \rsc^Nj[x>rlpYx jl`:4N ²7\eILN¢x j4MMOj4`¥ouj4dp`5\
r\Odp`5\^N>ce¯rlx Nx>rl`¥uNaL`Ldgf5aLN>Y
wLN \eN_ceMOd`LN_w
rl`tw\eItNRZvourlx N>°ùwLdZ^x c^N \^dp¶Fr\edjl`dgZZv\ecyrsdlI5\vj4ceJrscyw735Ò` jl\eILN_cx>r4ZvN44ZejlMONnxyILjldgx NFZ´Itr4N
\^juNM
r4w[N\ejj:x_r\^N¢\eILNo<jld`5\^Z
j4`\^ILNdp`5\^N>ce¯rlx N4 /i4N>`¡dp` \^ILNx>r4ZvN¢jsc^dp4dw®uj[w[dN_Z_!\eILN
otcej[x NFw[aLc^NTdgZ'`Ljl\J\ec^dp:dgrsrs`uwx_rs`dp`6>taLN>`ux N\eItNf4aursd¦\]Y jl`:aLMON>c^dgx>rs7c^N_ZeaLp\^Z_
<Nw[N_`Ljs\^N :Y
















R ∈ IRν×d \^ILN-lNFx)\ej4c^ZJx>jlpNFx)\ed`L\eItN-ceNFrlx)\^dpj4` Rα r\'NFrlxyIdp`5\eN_cv¯r4x No<jld`4\F
R =
[



























H = ∇Tq G(q)
 5ù\-dgZ-`Ljl\eN>!jlce\eI:Y
\^Itr\'\^ILNceN_rs\edjl`tZJd`\eN_ceM
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oLc^N_ZeN>`tx>NRjl#\eItNTaL`tdpgr\^N>cyrs7x j4`tZ]\^c^rldp`5\yZ&rl`tww[c^Ycedgx)\^dpj4`j4c&'dp\eI¢rs`:Y
`tjl`tZeMOj5jl\eId`5\eN_cv¯r4x Ngr-\eItN&N_ljla[\^dpj4`jsL\^ILN'ZvY[Zv\eN_MOZdgZauZvatrlpY`Ljpj4`LlN_cZeMj:jl\eI " m!cej4ldrs\eju
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#%&%-%'ù 5Ò`uw[N>NFw7´Zvj4MN`Ljl`tZeMOj:js\eIt`LN_Z^ZvNFZZeatxyI¥rlZnk]aLMOotZIurlNO\ej uNN ²[ouNFx)\^N_wd`\eItNlN_pj[x>d¦\]Y








HJILNMOrs\eN_cedgrsjl\eILdgZRZeN_x \edjl`dgZ'dp`uZvoLdc^N_w¢:Y \^ILNoLdjl`tN>N>c^d`LO&j4ce¤js lNFrs` 5rlx>f5aLNFZ'Sjlc^N_rla
" Sj4ceNFrsa-#+%&,-,L#%&%-%'lj4`Pnj4`tZvMOj:js\^ISNFxyItrs`Ldgx>Zjlc§t`Ldp\eN>°ùw[dMON>`tZedjl`trl5ZeY[Z]\^N>M
Z'dp\eIaL`Ldrs\eN>cyrs
x>jl`tZv\ecyrsd`5\^Zrs`tw·&jlatpj4M¸ Zcedgx)\^dpj4` ? otrsce\edgrsoLc^N_ZeN>`5\^rs\edjl` js\^ILNOjlj'dp`Ljlc^Matrs\edjl`jl
\^ILN /!·'È7S dp` r-`tjl`tZeMOj5jl\eI
w[Y:`trlMdgx>Z´c^rlMN_&j4ce¤x>rs`O<N'jlat`twOdp` " Sj4`LN>c^dNnrs`tw ? x>rlceYE4l}l}# 'ù
 ÂOÂ   L  Æ  Æ  Æ   Æ   Â   Æ Â L # Â   Â  Â E ¯   [  Æ  HJILN!lN_pj[x>d¦\]Y
v = q̇
M
rYN>`tx>jlaL`5\eN_c'k]aLMOotZrs`tw MatZv\uNx j4`tZvdgw[N_ceNFwr4Zr¢aL`ux)\edjl`js'uj4aL`tw[NFw rsc^drs\edjl`tZ
«Gm 4 ¬dp`¥\edMN4 < d¦\^ILdp`\eILdgZOrlZ^ZvatMoL\edjl`\^ILNNFf4aur\edjl`jsnMOjs\^dpj4`¥dZc^N>'c^d¦\e\eN_`dp`\eN>c^M
Zjl
qndp4I4\nx>jl`5\ed`:aLjlatZ'm 4«Gq-Õ·T m 4 ¬JaL`tx)\^dpj4`tw[N_`Ljs\^N_w¢rlZ
v+ = q̇+ 

HJILNTlN_`LN>cyrsdp¶_N_wx j:jlcyw[d`tr\^N_Z_4r4ZeZeaLMON_w\^juNTrstZejla[\eN_pYOx j4`5\ed`5atjlatZ_4rlceNnw[NFw[atx>N_wOc^jlM \eILN
4N>j[x dp\]Y
5Y\eILNZv\^rl`twLrlc^wdp`5\eN_lcyr\^dpj4`js´raL`tx \edjl`¢jsuj4aL`tw[NFwrlcedgr\^dpj4`tZ_­







dgZ\eILN N_uNFZv4aLNMON_r4ZvatceN4 5ù\^ILN 4N>j[x dp\]Y®dgZr¥aL`tx \edjl`±jl<jlaL`twLN_w rsc^dgr\edjl`uZ>
\^ILN rlx_x N_pN_c^rs\edjl`dZ-`tjjl`tlN>cwLN §t`LNFw N>4N>c^Y5'ItN>c^Nr4Z\eILNwLN>c^dpr\^dp4NOdp`\eItNx grlZ^Zvdgx>rl´ZvN_`tZvN
jl
\^ILNOlN_pj[x dp\]YlHJItN`tjs\edjl` js&wLd¦¹EN>c^N>`5\edgrsMON_r4ZvatceN47jlcrZeouNFx dgrsiW5\^dpN_¦\Gk]N_Z-MON_r4ZvatceNoLcej:dgw[N_ZTatZ










dv = v+(b) − v+(a) « #-#&#F¬
5Ò` \^ILNZerlMONJrYl&\eItNlN>`tN>cyrsdp¶_N_wj4c^x>Nl
r







M(q)dv + Fint(t, q, v
+)dt = Fext(t)dt+ dp
v+ = q̇+
« #-#F4¬
5ù&\eILNOMOjs\^dpj4` dgZZvMOj:js\^I 'dp\eIc^N_ZeouNFx)\\ej\edMONl#!NceN>\ec^dpN_lN\^Itr\ dv
dt
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[u̇]+(t) = H(q)v+(t) [u̇]α,+(t) = Hα(q)v+(t)
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−RN ∈ ∂IIR+(uN ).
« #-#:;:¬















" ndc^drlcv\e°ùQRcec^a[\]YRrl`tw N_MOrlcebFxyItrs1#%&%l~'1HJItdZjlc^MaLgr\^dpj4`-dZ#jl`LNijl:\eILNi¤4N>Y[Zv\ejl`tNijs:\eItNiMON \eItj:w
c^N N_cec^N_w¢r4ZJ\eILN     

Ò¼<º  ¼  ¾  'ILdgxyIdZTrOMOrs\eILN_M
r\edgx>rlZeN \e\ed`L 'ILdgxyIx j4MLd`LN_Z
r w[Y:`trsMOdgx>Zw[N_Z^x c^duNFw¥d`\eN_ceM
ZjsnMON_r4ZvatceNrlZdp`B« #&#l¬-\ejl4N \^ILN>c'd¦\^I®r w[N_Z^x c^dpoL\edjl`¥jln\eILN
at`Ldpgr\^N>cyrsx jl`uZ]\^c^rldp`5\Rd`tx atw[d`Lrs`dMOotrlx \Tgr « #&#l¬ THJILNdp`tx>pauZvdjl`« #&#l¬J'dp<Nx_rspNFw¢\eILN
d`tx>patZedjl`d`\^N>c^M
ZRjllN_pj[x dp\]Yl-H&jN_rs\eaLc^N_Zjs\eILdgZdp`tx>pauZvdjl` ItrlN-\^j<NMN_`5\edjl`LNFw7­Tr5¬ ¿	6
º  ¾ ½   º  ¾  ¾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     u¬ ¿	6º  ¾>½   º  º  ¿ :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r′(t) = drdν : [0, T ] → IR
ν 'dp\eI¥c^N_ZeouNFx)\-\^j dν  HJILN d`tx atZedpj4` dr ∈ K ItrlZ\ej<Nat`tw[N>cyZv\ej:j[wr4Z
r′(t) ∈ K, dν rsMOj4Zv\'N>lN_ceY:'ILN_ceN . « #&#F|4¬






jlx j:jlcyw[d`tr\^N_ZRdZT`Ljs\N>`tZeaLc^N_wd`\^ILN4N>`LN_c^rlx_rlZeNl ? :drlLdpdp\]Y¢pN_MM
rw[aLN\ejSjlc^N_rsa " #+%-%&%'
N_`tZeaLceNFZJ\eIur\n\^ILNd`tx atZedpj4`dp`¢\^N>c^M
Znjs´4N>j:x>d¦\]Y« #-#Fl¬J\ejl4N \^ILN>cn'dp\eIr4w[MOdZ^ZedpLNd`Ldp\edgrsx jl`uw[d¦°






N ) ⊂ NIR+(uN ).
HJILNceN_lN>cyZeN-dZnx>pNFrsc^pY`Ljs\R\ec^aLNl ? ¤4N>Y







dpRrs` dMourlx)\j[x>x atc^Z_\^ILN o<j4Zv\dpMOotr4x)\4N>j[x dp\]Yrs`LdgZeILN_Z_HJILN MOj[w[N>&dZr¢dp`LN_r4Z]\^dx
«¯oLgrlZv\edgx_¬dpMOotr4x)\ic^aLNl 5ùu\^ILN'wLr\yrrlceN'Zea( x dN>`5\eYZeMOj5jl\eIl&N'x>rl`Itjlo<NJ\eItrs\\^ILN'N_f5aLdrsN>`tx>NJdZ
\^ceatNTdprl`d`LN>grlZv\edgxTdpMOotr4x)\'ceatpNdZ'r4ZeZeaLMON_w ? Z!d¦\'dgZ'w[jl`LNd` " Srstcej4aL¤E #%&%-,L4Sjlc^N_rsa# #%&,-,'ù
\^ILN-dMourlx)\'c^aLNx>rs`<N-N>`LItrl`tx NFw'dp\eIr`Lj4ceM












  »  ¿	




−dPT ∈ ∂(µ|dPN | ‖ u̇+T ‖).
« #-#+,4¬
©d`trsYl7j4cT\^ILN /i`LIurs`tx>N_w·&jlILNFZvdlN È<jl`tNSj[w[N_id` dp\^Zd`5\ec^dp`tZedgxj4ceM « #F¬Ò°«¯~4¬ \^ILNOMNFrlZeaLc^N
wLd¦¹EN>c^N>`5\edgrs7d`tx>patZedjl`dZnwLN>c^dp4N_wrlZ






−dPT + dPcohT ∈ ∂(µκ(β)|dPN + dPcohN | ‖ u̇+T ‖)
« #s}4¬
dPcoh = Rcohdt, Rcoh = K(β) · [u] g(β̇, β, uN , uT ) = 0,
« ##F¬
'ItN>c^NT\^ILNx j4`:lN>`5\^dpj4`
dr ∈ K ⇔ r′ ∈ K dZ'N>²:\eN>`uw[N_w\ej dr ∈ K(dr) ⇔ r′ ∈ K(r′) 







/J·'ÈESVN>²Lx N>oL\&j4c&\^ILNjlc^MaLgr\^dpj4` js#\eILNaL`Ldgr\eN_c^rl7x jl`uZ]\^c^rldp`5\&'ItdxyIdZJ`Lj±dp`lN>j[x dp\]Yl´©Lj4cv°
















x>jl`5\^r4x)\'rs`twc^dx \edjl`¶>jl`tNT'dp\eI`LN>5r\^dp4NTc^N>gr\^dp4NT4N>j:x>d¦\]Y4[rwLN_x j4MOouj5Zvdp\edjl`x>rs`<Nrlcv\^d¦§<x dgrspY



















−RT + RcohT ∈ ∂(µκ(β)|RN + RcohN | ‖ u̇+T ‖)
































 ÔsÚ)ÖGÞ Ü1ÞÕÚ)ÏðyÖ1Ö1î 
 ÐvÖ7Ð]ÖGÔlÐ]ñ]Þ ðyÓÕÓ nÜ1Íð^ÜÜGÍÐ´ïÞ lîÖGÐ´Ö1ÞÕÏ )îÓ ðyÙ 
 ÐvðyÖ1îFÙGÐ  ðyÏÞÕÖ1ÍÐ]Övÿ
ËË ÏA )÷
;-;   ¾   :)º7
      O	 !	 >£,> &)  -'v _	 7J,,¢ $
#n	
 	  
              
     
  
     
   
5Ò`¡\^ILdgZZeN_x \edjl`nr\^dpMON wLdZ^x c^N \^dp¶Fr\edjl`¡MON \^ILj[w js\^ILN rslcyrs`tlNw[Y:`trsMOdgx>rlnN_f5atrs\edjl` « #-#F4¬
x>jl`tZedgZ]\^N>`5\-'d¦\^I \^ILNO`Ljl`uZvMOj:js\^IxyItrlc^r4x)\^N>cjs&\eILN Zejla[\edjl`#dZoLceNFZvN_`5\eN_wOHJItdZd`5\eN>4c^rs\edjl` dZ
d`tZeoLdceNFw 5Y \eItN!jlc^¤ jl'Sjlc^N_rsa " #+%-,&,t #+%&%-%'&rl`tw 4N_rl` " #%&%&%''dp\eIZejlMONr4wLrso[\yr\^dpj4`tZrs`uw
c^N §u`LN>MON>`5\yZ!jlcJ\eItN-`Ljl`pd`LNFrsc'LaL¤<N>Iur5djlc'rl`tw \^ILN/!·'ÈES MOj[w[N>1





























M dv = M
∫
]tk ,tk+1]














M (v(tk+1) − v(tk)) =
∫ tk+1
tk















































F (t, q, v) dt ≈ hF̃ (tk, qk, vk, tk+1, qk+1, vk+1, tk+θ, qk+θ, vk+θ)
« #-.l¬
ÉÊËÉ¨Ì
  »  ¿	




tk+θ = θtk+1 + (1 − θ)tk
qk+θ = θqk+1 + (1 − θ)qk
vk+θ = θvk+1 + (1 − θ)vk








F̃ (tk , qk, vk, tk+1, qk+1, vk+1, tk+θ, qk+θ, vk+θ) =
1
2
K : [E(qk) +E(qk+1)] :F (qk+1/2)
« #%5¬
'ItdxyIpNFrlwLZ&\^jrN>`tN>c^lY
x j4`tZvN_ce:d`Lrlp4jlc^d¦\^ILM rlZ!d` " W:dMOjOrl`twHrlce`Lj- #+%-%4'1©Lj4c!`tjl`Ldp`tN_rsc
N_r4Z]\^dxTjs\^ILN>cnZeMOj:js\eI`Lj4`dp`tN_rscJ<N>Itr:djlcyZ>5!Nc^N N_c!\ej\eILN-!jlc^¤
js 1jl`L¶FrsN>¶ " l}l}4}'ù rsaLcyZvN_`






qk+1 = qk + h vk+θ .
HJILNj4pj'd`L\^dpMONw[dgZ^x c^N \ed¶>NFwN_f5atr\^dpj4`jlMOjs\^dpj4`dgZ'j4[\^rldp`LNFw7­
{
M(vk+1 − vk) + hF̃ (tk, qk, vk, tk+1, qk+1, vk+1, tk+θ , qk+θ, vk+θ) = pk+1
qk+1 = qk + hvk+θ
« #F~l}5¬
'ItdxyI dgZr4ZeZeaLMON_w \^j¥uN pd`LNFrsc^dp¶_N_w¡rs`tw¡dp\eN_c^rs\edlN_pY Zvj4p4N_w¡r\N_rlxyI \^dpMON:Y®jlc d`tZv\^rl`tx Nr
PRN>J\^jl`oLcej[x>N_w[aLc^Njlc'j4`LNjsdp\^Znrlcedgrs`5\yZ>´HJILNdp`LNFrsc^dp¶_N_wZvY[Zv\eN_M 'dp<Nw[N>`tjs\eNFw¢rlZ
{
(M + hθCt + θ
2h2Kt)(vk+1 − vk) + φ(tk, qk, vk) = pk+1

















Zv\eN_otZr4jldgw[d`L\eILN N_rsatr\^dpj4`jsJ\eILN \^rs`tlN>`5\j4ouN_c^rs\ej4c^Z_ <N c^N \ec^dN>lN
d` \eItNx>r4ZvN rZ^xyILN_MN
'ItdxyI dgZlN_ceYZvdMOdpgrsc\ej¢\eItNZ^xyILN>MON
jsT·!rlceo<N>`5\eN_c-N \rlG " #%&%50'ù©Lj4c
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©d`trsYl:\eItN/!·'ÈES MOj:wLN>d`w[dZ^x c^N \^dp¶_N_wdp`rdMotpdgx dp\n!rY4
−PN,k+1 + PcohN,k+1 ∈ NT
IR+
(ũN k+1)([u̇]N,k+1 + e[u̇]N,k)






















rs`L`LN_c''d¦\^I¢ceNFZvo<N_x \!\^j« #_~&;5¬ 






dZ#\ejTuN!x j4ILN>c^N>`5\#'dp\eI-\^ILNij4ceNFx>r4Z]\#jl:\eILN!lN_`LN>cyrsdp¶_N_ww[dgZvotr4x N °





r\^dpj4` « #_~#F¬ #Pnj4`LN \^ILN °



















rsc^Y rsc^dgrsLNl©tjlc\eILN¢ZvMOj:js\^I¥c^N_rlx \edjl`jlcyx NFZ>\^ILN\^dpMONw[dZ^x c^N \^dp¶Fr\^dpj4`dZ
4dp4N>`5YrdpMOoLdx>d¦\nc^aLNl
ÉÊËÉ¨Ì
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ũN k+1 > 0,
\eILN_`
PN,k+1 − PcohN,k+1 = 0
dp
ũN k+1 6 0,
\eILN_`
0 6 PN,k+1 − PcohN,k+1 ⊥ [u̇]N,k+1 + e[u̇]N,k > 0





k+1 = K(βk+1) · [u]k+1 ĝ(β̇k+1, βk+1, βk, [u]N,k+1, [u]T,k+1) = 0« #F~.l¬
   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 &Æ l  1Æ   ¯L  Æ  Æ   Â   Æ   Â   HJItNc^N_Zejla[\^dpj4`jsT\eILNw[dgZ^x c^N \ed¶>NFw®rl`tw®pd`LN_rlced¶>NFw
otcej4LpN_M dgZitr4ZvNFwjl` rx>jl`tw[N_`tZ^r\edjl`Oj4`j[x>rltrsc^drlLN_ZjsE\^ILNTw[Y:`trlMOdx_rsLNFf4aur\edjl`« #_~6#¬atZedp`L
\^ILN-N_f5atrs\edjl`tZ« #_~44¬1À7« #_~4~4¬ HJILN-c^N_wLatx NFwNFf4aur\edjl`js\eILNªTY:`trsMOdgx>Z'x_rs`¢uN-c^N_r4wr4Z








vfree = H(q̃k+1)(vk − (M + hθCt + θ2h2Kt)−1φ(tk , qk, vk))
dgZ!\eItN-ceN_rs\edlNceN_NlN>j[x dp\]Yl:\^Itr\'dgZJ\eILN-4N>j[x dp\]Y 'd¦\^ILjlaL\!\^ILNx j4`5\ec^dpLaL\edjl`js\eILN/!·'È7S
? \nNFrlxyI¢PnN>J\^jl`Zv\eN>o\eItNjlpj'd`L
ZvY[Zv\eN_M ItrlZ!\^jOuNZejllNFw­
[u̇]k+1 = [u̇]free +WPk+1
−PN,k+1 + PcohN,k+1 ∈ NT
IR+
(ũN k+1)([u̇]N,k+1 + e[u̇]N,k)





k+1 = K(βk+1) · [u]k+1 ĝ(β̇k+1, βk+1, βk, [u]N,k+1, [u]T,k+1) = 0« #F~&%5¬
 &Æ l  Â  Æ  #  Æ   HJILNToLcej[x>N_w[aLc^N''ILdgxyI dgZiatZeN_wO\^jZejllNJ\eItNRoLc^N>:djlatZoLcej4LN>M dZtrlZeN_wOj4`
rl` rlp4jlc^d¦\^ILM rsceNFrlw[Y¢N>²5\^N>`tZedlN>YatZeN_wjlc\eItN\^cedgw[dMON>`tZedpj4`trs´x>jl`5\^r4x)\oLcej4LN>M¢5Ò`twLN>N_w&N
wLN §t`LN\^ILNjlj'dp`Lrsc^drlLNl­
−P̃N,k+1 = −PN,k+1 + PcohN,k+1,−P̃T,k+1 = −PT,k+1 + PcohT,k+1
« #+;4}5¬
ËË ÏA )÷













[u̇]k+1 = [u̇]free +WPk+1
−P̃N,k+1 ∈ NT
IR+
(ũN k+1)([u̇]N,k+1 + e[u̇]N,k)
−P̃T,k+1 ∈ ∂(µκ(βk+1)|P̃N,k+1| ‖ [u̇]T,k+1 ‖)
« #+;#¬
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w[N>\^rldpgZx>rl` uNOj4aL`tw d`
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Pcohk+1, βk+1
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 Æ l  Ç G  ¯L Â  Â E
[u]k+1
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j4cTMONFZvILNFZRIur5d`L
\^ILN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